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Abstract 

Let M be a surface sum of 3-manifolds Mi and M 2 along a bounded connected surface F 
and di be the component of dMi containing F. If M$ has a high distance Heegaard splitting, 
then any minimal Heegaard splitting of M is the amalgamation of those of M 1 , M 2 and M*, 
where M l = Mi \ di x I, and M* = di X I Up d 2 X I. Furthermore, once both di \ F are 
connected, then g(M) = Min{g{Mx) + g(M 2 ),a}, where a = g(Mi) + g{M 2 ) + 1/2(2%(F) + 
2 - X(di) - x(9 2 )) - Max{g(d 1 ),g(d 2 )}; in particular ff (M) = g(M x ) + g{M 2 ) if and only if 
X (F) > l/2Max{ X {d 1 ),x{d 2 )}. 

The proofs rely on Scharlemann-Tomova's theorem. 
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1 Introduction 

All surfaces and 3-manifolds in this paper are assumed to be compact and orientable. 

Let F be either a properly embedded surface in a 3-manifold Mora sub-surface of dM. If 
there is an essential simple closed curve on F which bounds a disk in M or F is a 2-sphere which 
bounds a 3-ball in M, then we say F is compressible; otherwise, F is said to be incompressible. 
If F is an incompressible surface not parallel to dM, then F is said to be essential. If M contains 
an essential 2-sphere, then M is said to be reducible. If dM is compressible, then M is said to be 
9-reducible. 

Let M be a 3-manifold. If there is a closed surface S which cuts M into two compression 
bodies V and W with 5 = d + W = d + V, then we say M has a Heegaard splitting, denoted by 
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M = V Us W; and S is called a Heegaard surface of M. Moreover, if the genus g(S) of S is 
minimal among all the Heegaard surfaces of M, then g(S) is called the genus of M, denoted by 

g(M). 

Now let M be a 3-manifold, and F be a compact surface in M which cuts M into two 3- 
manifolds Mi and M 2 . Then M is called a surface sum of M\ and M 2 along F, denoted by 
M = M\ Uf M 2 . Note that F C <9Mj for i = 1,2. A central topic in Heegaard splitting is to 
address relations between <?(Mi), g{M2) and g{M). 

Suppose first that F is a closed surface. Let Mj = VjU.% VFj be a Heegaard splitting for i = 1,2. 
Then M has a natural Heegaard splitting called the amalgamation of V\ Ugj Wi and V2 U,s 2 W2. 
From this view, g(M) < 3 (Mi) + g{M2) — g{F). If F is a 2-sphere, the so-called Haken's lemma 
claimed g(M) = g{M\) + g{M2). For g{F) > 0, there are some examples to show that it is possible 
that g{M) < g{M\) + g(M 2 ) — g(F) — n for any given n > 0, see [7] and [18]. Philosophically, in 
such examples neither the gluing between Mi and M 2 along F nor the Heegaard splitting of Mj 
are complicated. 

Under various different conditions describing the complicated gluing maps, the equality g(M) = 
g{M\) + g(M 2 ) — g(F) was proved, see [1], [9], [10] and [19]. By invoke results of Hartshorn 
[3], Scharlemann [13] and Scharlemann and Tomova [16], it is just proved in [6] that g(M) = 
g{M\) + g{M 2 ) — g(F) if Mi and M 2 have high distance Heegaard splittings, where the distance 
of a Heegaard splitting was introduced by Hempel [4] . 

Suppose that F is a bounded surface. Then it is easy to see g(M) < g{M\) + g(M 2 ) (see 
Lemma 2.1). By the disk version of Haken's lemma, g(M) = g{M\) + g{M 2 ) if F is a disk. If F is 
an annulus, various results about if g(M) = g{M\) + g(M 2 ) hold or not have been given, see [5], 
[8], [11] and [12]. 

In this paper we will address the additivity of Heegaard genus of surface sum of 3-manifolds 
along a bounded surface F with x(F) < 0> which seems not touched before. 

We first fix some notions. Suppose P (resp. H) is a properly embedded surface (resp. an 
embedded 3-manifold) in a 3-manifold M. We use M\P (resp. M \ H) to denote the resulting 
manifold obtained by splitting M along P (resp. removing int-ff, the interior of H). 

Let M = Mi Uf M 2 , di be the component of <9M, containing F, and <9j x [0, 1] be a regular 
neighborhood of di in Mj with di = di x {o}. We denote by P l the surface di x {l}. Let 
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M i = Mi\diX [0,1] for i = 1,2, and M* = d 1 x [0, 1]U F <9 2 x [0,1]. Then M = M 1 U P i M* U p2 M 2 . 

Theorem 1. Let M be a surface sum of 3-manifolds Mi and M 2 along a bounded surface 
F, and <9j be the component of dMi containing F. If Mj has a Heegaard splitting U« Wj with 
d(Si) > 2(gi(S'i) + <7(S , 2)), i = 1,2, then any minimal Heegaard splitting of M is the amalgamation 
of Heegaard splittings of M 1 , M 2 and M* along d\ and 3 2 . 

The proof of Theorem 1 invokes full energy of Scharlemann-Tomova's deep result (Lemma 2.5). 
Theorem 2. Under the assumptions of Theorem 1, if di \ F is connected for i = 1,2, then 
g(M) = Min{g(Mi) + g(M 2 ),a}, where 

a = g(M 1 ) + g(M 2 ) + 1/2(2 X (F) + 2 - X (di) - - Mox{(/(5i), 5 (5 2 )} (1.1). 

Furthermore g(M) = ff(Mi) + ff(M 2 ) if and only if x(F) > l/2Max{x(d 1 ),x(d 2 )} . 

Corollary 3. Under the assumptions of Theorem 1, if F is annulus, then g(M) = g(M\) + 
g(M 2 ). 

Remark 4. It is remarkable to compare Theorem 2 with the main result in [6] for closed 
surface case. In Theorem 2 

(1) once x{F) > l/2Max{x{d\), x(5 2 )}, x(F), therefore g(F), itself plays no role in the result. 

(2) once x(F) < l/2Min{x{di),x{d 2 )}, the contribut ion of x(F) to g(M) is non-trivial linear 
function. A particular case when g(d\) = g(d 2 ) and x{F) = x(di), then g(M) = g(M\) +g(M 2 ) — 

g(di) + i. 

Acknowledgements. The authors would like to thank Tsuyoshi Kobayashi and Qing Zhou 
for helpful discussions on this paper. 

2 Distance of Heegaard splitting 

Weakly incompressible surface in 3-manifolds was introduced in [16]: Let P be a separating con- 
nected closed surface in 3-manifold M which cuts M into two 3-manifolds M\ and M 2 . Then P is 
said to be bicompressible if P is compressible in both M\ and M 2 . P is strongly compressible if 
there are compressing disks for P in M\ and M 2 which have disjoint boundaries in P; otherwise 
P is weakly incompressible. 
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Let M be a compact orientable 3-manifold, and M = VUsW be a Heegaard splitting. If there 
are essential disks B C V and D C W such that dB = dD (dB n dD = 0), then F Us is said 
to be reducible (weakly reducible). Otherwise, it is said to be irreducible (strongly irreducible), 
see [2]. It is easy to see that a strongly irreducible Heegaard surface is weakly incompressible. 

Now let P be a bicompressible surface in an irreducible 3-manifold M. By maximally com- 
pressing P in both sides of P and deleting the possible 2-sphere components, we get a surface sum 
structure of M as follow: 

M = Ni U F p Hf Up Hf U f p N 2 , 

where Hf is a compression body with d+Hf = P, and d-Hf = Ff is a collection (may be 
empty) of incompressible closed surfaces of genus at least one in Ni, i = 1,2. Note that, if Ff is 
empty, then Hf is a handlebody and N is empty. It is easy to see that if M has boundary, then 
Ff and Ff can not be both empty. Moreover if P is weakly incompressible, then the Heegaard 
splitting Hf Up Hf is strongly irreducible. 

Two weakly incompressible surfaces P and Q are said to be well-separated in M if Hf Up Hf 
is disjoint from H® Up H® by isotopy. 

Lemma 2.1. Suppose P is a weakly incompressible surface in M. Then each component of 
Ff is incompressible in M for i = 1, 2. 

Proof. By the definition, each component of Ff is incompressible in N for i = 1,2. Since 
P is a bicompressible but weakly incompressible, Hf U //<f is a non-trivial strongly Heegaard 
splitting. By the disc version of Haken's Lemma, each component of Ff is incompressible in 
HfuHf. Q.E.D. 

Lemma 2.2. Let S be a strongly irreducible Heegaard surface of a 3-manifold M, then 
M \ (iff Us iff) is homeomorphic to dM x I. Fruthermore, if P is a weakly incompressible 
surface in M, then either Hf Up Hf C 9 x I is homeomorphic to d x I for one component 9 of 
dM, or, S and P are not well-separated. 

Proof. Now M = V Us W, where V and W are compression bodies. We may assume that 
H^ C V and Hf C W. Now there are essential disks D\, . . . , D n in V such that each component 
of V \ Uf =1 D x [0, 1] is an I-bundle of a closed surface. Since d-Hf is incompressible in M, hence 
in V, each Dj can be isotoped to be disjoint from d-Hf. Hence d-Hf C V \ Uf =l D x [0, 1]. This 
means that M \ (Hf Us Hf) is homeomorphic to dM x I. 
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Suppose P and S are well-separated, then Up H% C closed surface xl. Since U F 2 is 
incompressible in M, each component of Ff is isotopic to F x {0} in F x /. Hence the lemma 
holds. Q.E.D. 

The distance between two essential simple closed curves a and (3 on a compact surface P, 
denoted by d(a,(3), is the smallest integer n > so that there is a sequence of essential simple 
closed curves ao = a, . . . , a n = (3 on P such that aj_i is disjoint from ccj for 1 < z < n. When P 
is a bicompressible surface in a 3-manifold M, the distance of P is d(P) = Min{d(a, /?)} , where 
a bounds a disk in and /? bounds a disk in ii^f - See [4] and [16]. 

Lemma 2.3 follows from the definitions and the main result in [15]: 

Lemma 2.3. (1) If M = V Us W is a reducible Heegaard splitting, then d(S) = 0. 

(2) If M = V Us W is a weakly reducible Heegaard splitting, then d(S) < 1. 

(3) If M = V Us W is a non-trivial and 3-reducible Heegaard splitting, then d(S) < 1. 

(4) If C is a closed surface, and V Us W is a non-trivial Heegaard splitting of C x /, then 
< 2 [15]. 

Lemma 2.4 ([3], [13]). Let M = VUsW be a Heegaard splitting, and P be an incompressible 
surface in M. Then either P can be isotoped to be disjoint from S or d(S) < 2 — x(-P)- 

Lemma 2.5 ([16]). Let P and Q be bicompressible but weakly incompressible connected 
closed separating surfaces in a 3-manifold M. Then either 

(1) P and Q are well-separated, or 

(2) P and Q are isotopic, or 

(3) d(P)<2g(Q). 

Lemma 2.6 ([16]). Let M = V U s W be a Heegaard splitting of a 3-manifold M. If 
d(5) > 2g(S), then M has the unique minimal Heegaard spliting V Us W up to isotopy. 

3 The proof of Theorem 1 

Let M = Mi U F M 2) and F be a bounded surface. Then M = M 1 U P i M* U p2 M 2 , where 
M 1 ,M 2 ,P 1 ,P 2 ,d 1 ,d 2 are defined in Section 1. 

Lemma 3.1. g(M) < g{M 1 ) + g(M 2 ). 
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Proof. Let Mj = Vj U Si W { be a Heegaard splitting of Mj such that .F C <9j C d-Wj. Now 
let 7j be a unknotted arc in Wj such that d\^i C 82^1 = $272 C miF. Let N(^\ U 72) be a 

regular neighborhood of 71 U 72 in W\ Up W 2 . Let V = V\ U iV(7i U 72) U V2, and be the closure 
of (Wi U F W 2 ) \ iV(7i U 72). Then V U 5 is a Heegaard splitting of M, where 5 = d + V = d + W. 
Note that g(S) = g(Si) + g{S 2 ). Hence the lemma holds. See also [17]. Q.E.D. 

Lemma 3.2. If Mj has a Heegaard splitting V { U Si W { with d(Si) > 2(g(S 1 ) + 5(5*2)), i = 1, 2, 
then any minimal Heegaard splitting of M is irreducible and weakly reducible. 

Proof. Since d(Si) > 2(g(Si) +5(5*2)) for i = 1,2, Mj is irreducible and i* 1 is an essential 
surface in Mj by Lemma 2.3 (1) and (2). Then it follows that M = M\ \Jp M2 is irreducible and 
F is an essential surface in M. Furthermore, Mj is not homeomorphic to an I-bundle of a closed 
surface by Lemma 2.3 (4). 

Let M = V Us W be a minimal Heegaard splitting of M. Since M is irreducible and V U5 W 
is minimal, 1/ U5 W is irreducible. By Lemma 2.6, g(Mi) = g(S{). By Lemma 3.1, g(5) < 
g{S 1 )+g{S 2 ). 

Now suppose V U5 H^ is strongly irreducible. Since 5j is separating in M, 5j is bicompressible 
but weakly incompressible in M. By Lemma 2.5, either 5 and 5i are well-separated, or 5 and 5i 
are isotopic, or d(S\) < 2g(S). Since Si is a Heegaard surface of M 1; we have that iff 1 
is homeomorphic to Mi, which not a product as we just proved. By Lemma 2.2, 5 and 5i are 
not well-separated. Since 5 is a Heegaard surface of M and S± is a Heegaard surface of Mi, 5 is 
not isotopic to 5 X . Since d(S*i) > 2(g(5i) + g(S 2 )) and ^(5) < g(Si) + 5-(5 2 ), d(5*i) > 2g(S), a 
contradiction. Q.E.D. 

The proof of Theorem 1. Under the assumptions of Theorem 1, by Lemma 3.2, any 
minimal Heegaard splitting of M is irreducible and weakly reducible. Let M = V Us W be & 
minimal Heegaard splitting, then V Us W has a thin position as 

v u s w = (v; u 5 , w[) u Fl ... u Fn _, {v' n u s; w' n ) (*) 

where n > 2, and each component of F±, . . . , F n _i is an incompressible closed surface in M, and 
each Vj' U^/ Wj' consists of a active component which is a non-trivial strong irreducible Heegaard 
splitting and possible some product components each of which is a trivial Heegaard splitting of an 
I-bundle of a closed surface. See [14]. 
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Since d(Si) > 2(g(Si) + g(S2)) for i = 1,2, M is irreducible and F is an essential surface in M 
by Lemma 2.3. Furthermore, Mj is not homeomorphic to an I-bundle of a closed surface. 
Claim 1. Fi, 1 < i < n — 1, can be isotoped so that Fj C M*. 

Proof. Suppose that Fi n (M 1 U M 2 ) 7^ for some 1 < i < n — 1. We may assume that 
FnM 1 / 0, and F.nM 1 is incompressible moreover. Note that g(Fi) < g(S) < g(S 1 )+g(S 2 ). Now 
xi^HM 1 ) > x^HMj) > x (5) = 2-5(5) > 2-2(g(S 1 )+g(S 2 )), we have d(^) > 2- X (F l nM 1 ). 
By Lemma 2.4, Fj can be isotoped to be disjoint from Si. Hence Fj n M 1 lies in one of V\ and W\ 
which contains F. It follows Fj can be further isotoped to be disjoint from M 1 . Q.E.D. (Claim 1) 

Claim 2. There exists a component of Ui<i< n -i ^ isotopic to F 1 (resp. F 2 ). 

Proof. Suppose that each component of Ui<j< n -i ^ s not isotopic to F 1 . By Claim 1, 
M 1 C M[ = V- U s > W- for some 1 < i < n. 

If S\ is contained in the product component of M\ = V- Wj', by the same argument in the 
proof of Lemma 2.2, Hf 1 Us 1 H^ 1 is a Heegaard splitting of an I-bundle of a closed surface. That 
is Mi is an I-bundle of a closed surface, it is a contradiction. 

Now suppose Si is contained in the active component of M[ = V- U<v Wj'. We also use 
M ? ' = V^' U^' Wj' to denote the active component. Now S^ and Si are both weakly incompressible 
in M i and H 1 1 Ugj F 2 1 is not product. By Lemma 2.2, S { and Si are not well separated. By 
Lemma 3.1, g(S[) < g{S) < g(Mi) + g(M 2 ). By Lemma 2.6, g(Mi) + g(M 2 ) = g(Si) + g{S 2 ). 
Hence 2 5 (^) < d(Si). 

By Lemma 2.5, S^ and S 1 ! are isotopic in M[. 

It follows S 1 ! is a strongly irreducible Heegaard surface of M[. Then by Lemma 2.2 M[ \ 
(iff 1 U Sl H2 1 ) is x I. By Lemma 2.2 we may assume that Ff 1 U 5l H^ 1 = M 1 . Hence one 
component of dM i is isotopic to F 1 . 

Similarly, there exists a component of Ui<i< n -i isotopic F 2 . Q.E.D. (Claim 2) 

By Claim 2, Theorem 1 holds. Q.E.D. 

4 The proof of Theorem 2 

Lemma 4.1. Let N = Pi x / Uf P 2 x / be the surface sum of Fi x / and P 2 x I along F, where 
Fi and F2 are orientable closed surfaces, and F is a connected bounded surface in both Pi x |0} 
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and P 2 x {O}. 

(1) If both Pi x {0}\P and P 2 x {0} \F are connected, then g(N) = Min{g(P 1 ) + g{P 2 ),a] , 
where 

a = 1/2(2 X (F) + 2 - X (Pi) ~ x(P 2 )) + Min{g(P 1 ), g(P 2 )}. 

(2) If F is an annulus, then g(N) = g(P 1 ) + #(P 2 ). 
Proof. We first prove (1). 

Since both Pi x jo} \F and P 2 x {0} \F are connected, N contains three boundary components 
Pi x {!}, P 2 x {!}, and P* = (P 1 x {o} \ P) U (P 2 x {o} \P). See Figure 4.1. Hence 



#(A0 > Min{ 5 (Pi) + « 7 (P 2 ), 5 (P 1 ) + 5 (P*), 5 (P 2 ) + <?(P*)}. 
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P 2 x 1 




Figure 4.1 



It is easy to see that iV is homeomorphic to both Pi x PO p x | J^-f > * x ^ an< ^ -f* x ^ 1 
P 2 x I. See Figure 4.2. 
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Figure 4.2 



By Lemma 3.1, 

g(N) < Min{g(P 1 )+g(P 2 ),g(P 1 )+g(P*),g(P 2 )+g(P*)}. 

Now 

g(N) = Min{g{P 1 ) + g(P 2 ),g(Pi) + g(P*),g(I^) + g(P*)}. 
Since P* = (P 1 x {o} \ P) U (P 2 x {O} \ P), 

2 - 2 5 (P*) = X (P*) = X (Pi) + x(P 2 ) - 2 X (P), 

and 

<?(P*) = 1/2(2 X (P) + 2 - x (Pi) ~ XW)- 

Hence (1) holds. 

Now we prove (2). 

Suppose now that F is an annulus. Now there are three cases: 
Case 1. Both P 1 x {o} \ F and P 2 x {o} \ F are connected. 

Now N contains three boundary components Pi x {l}, P 2 x {l} and P* = (Pi x {o} \ P) U 
(P 2 x {0} \ P). Since P is an annulus, g(P*) > g(P 1 ),g(P 2 ). By the argument in (1), (2) holds. 
Case 2. One of Pi x |0} \ F and P 2 x |0} \ P is connected while the other is non-connected. 
The argument is the same with the one in Case 1. 
Case 3. Both P-y x {0} \ P and P 2 x {o} \ P are non-connected. 

Now we denote by P/ and Ff the two components of P« x jo} \ P. We may assume that 
dF( = dF{- Then N contains four boundary components Pi x {l}, P 2 x {l}, P 1 = P/ U F 2 and 
P 2 = F? U P|. In this case, g(F r ) + g(F 2 ) = g(P 1 ) + g(P 2 ). Hence (2) holds. Q.E.D. 

The proof of Theorem 2. Recalling the definitions of M l ,M* defined in Section 1. Since 
di is separating in M for i = 1, 2, and M % is homeomorphic to M» for i = 1, 2, by Theorem 1, 

<7(M) = 5 (Mi) + <7(M 2 ) + 5 (M*) - 5(50 - g{d 2 ). 

By Lemma 4.1, g(M*) = Min{g(di) + 3(^2), a}, where 

a = 1/2(2 X (P) + 2 - X (di) - x(5 2 )) + Mm^), 5 (5 2 )}. 
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Hence g(M) = Min{g(Mi) + g(M 2 ),a}, where 

a = g{M{) + g(M 2 ) + 1/2(2 X (F) + 2 - x (fr) - X (d 2 )) - Max{g{d 1 ),g{d 2 )} . 

It is easy to see that g(M) = g(M{) + g(M 2 ) if and only if X (F) > l/2Max{x(di), x{d 2 )}. 
Q.E.D. 

Corollary 3. The proof follows immediately from Theorem 1 and Lemma 4.1 (2). Q.E.D. 
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